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Abstract. — We characterise the class of exponentiable ∞-toposes: X is ex-
ponentiable if and only if Sh(X) is a continuous ∞-category. The heart of
the proof is the description of the ∞-category of C-valued sheaves on X as an
∞-category of functors that satisfy finite limits conditions as well as filtered
colimits conditions (instead of limits conditions purely); we call such functors
ω-continuous sheaves.
As an application, we show that when X is exponentiable, its ∞-category
of stable sheaves Sh(X, Sp) is a dualisable object in the ∞-category of present-
able stable ∞-categories.
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1 introduction 2
§ 1. — introduction
1.1 Exponentiability of ∞-toposes
An ∞-topos X is said to be exponentiable if the functor Y 7→ X×Y has a right
adjoint: Z 7→ ZX. The idea that exponentiability can be seen as a form of
dualisability is made concrete by the following theorem.
 Theorem 5.9. — Let X be an exponentiable ∞-topos, then the ∞-category
Sh(X, Sp) ofstable sheaves onX is a dualisable object of the∞-category of present-
able stable ∞-categories.
In order to prove this dualisability result, we characterise the class of
exponentiable ∞-toposes. The exponentiability of toposes was studied and
understood in the 1981 article Continuous categories and exponentiable toposes
by Johnstone and Joyal [1]. We obtain a characterisation of exponentiable
∞-toposes by following a similar proof. Another independent proof of the
characterisation of exponentiable ∞-toposes has been written by Lurie in
his book Spectral Algebraic Geometry [2, Theorem 21.1.6.12]. Our main ad-
dition here is the use of the tensor product of ∞-categories. In particu-
lar in theorem 2.15 we relate the tensor product of ∞-categories with the
product in the ∞-category of ∞-toposes. The characterisation of exponenti-
able ∞-toposes ends up being the same as the one for toposes:
 Theorem 4.33. — An ∞-topos X is exponentiable if and only if the ∞-cat-
egory Sh(X) is continuous i.e when the colimit functor Ind(Sh(X))→ Sh(X) has
a left adjoint.
The pivot of the exponentiability proof is a rewriting of the ∞-category
Sh(X) in terms of finite limits and arbitrary colimits. When a presentable
∞-category is continuous it can be obtained as a coreflective localisation of
an ∞-category of ind-objects:
Ind(D) Sh(X) ,
ε
β
where ε is cocontinuous and β is a fully faithful left adjoint to ε. This allows
us to describe the ∞-category of C-valued sheaves on X as follows.
 Theorem 4.32. — Let X be an exponentiable ∞-topos, and let C be an ∞-lo-
gos. Then there exists a finitely cocomplete subcategory D ⊂ Sh(X) and a bimod-
ule w : Dop×D → S such that the∞-category of C-valued sheaves is equivalent to
the ∞-category of left exact functors F : Dop → C satisfying the coend condition:
F(a) ≃
∫
b ∈D
w(a, b) ⊗ F(b) , for all a ∈ D .
Such a description is what we call ω-continuous sheaves. In fact, one of the
first definitions of sheaves on a topological space X involved Abelian groups
associated to compact subsets of X. A sheaf was then a functor F : K 7→ F(K)
commuting to finite limits and specific filtered colimits [3, ‘faisceaux continus’
in the chapter by Houzel]. Namely, a sheaf had to satisfy the additional
condition:
F(K) ≃ lim−−→
K≪K′
F(K′) ,
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where K ≪ K′ means that there exists an open subset U such that K ⊂ U ⊂ K′ .
A proof of the equivalence between sheaves on X and ω-continuous sheaves
on X is in HTT [4, Theorem 7.3.4.9], where they are called K-sheaves by
Lurie.
1.2 Conventions on sizes
Let ω ∈ U ∈ V ∈W be three Grothendieck universes. To avoid heavy nota-
tions, we establish a dictionary: small means U-small, large means V-small
and very large meansW-small. By a limit or a colimit, we mean a small one.
By a category or an ∞-category, we mean a large one.
The large ∞-category of small spaces will be denoted S; its homotopy
category is H. The very large ∞-category of large spaces is Ŝ, with homotopy
category Ĥ. The large∞-category of small∞-categories is Cat; the very large
one of large ∞-categories will be denoted Ĉat.
1.3 Acknowledgements
This work was supported by IBS-R008-D1.
§ 2. — ∞-toposes
A standard reference on ∞-toposes is HTT [4]. The reader may also have a
look at Toposes and homotopy toposes [5] and Homotopical algebraic geometry I:
topos theory [6].
2.1 Definitions
In this paragraph we recall the definition of an ∞-topos and introduce the
terminology of ∞-logoses.
Definition 2.1. — We shall say that an ∞-category L is an ∞-logos if there
exists a small ∞-category D and an accessible left exact and reflective localisation
P(D)→ L.
The very large ∞-category Log of ∞-logoses is the non-full subcategory of
Ĉat whose objects are the ∞-logoses and the morphisms are the left exact and
cocontinuous functors. For C and D two ∞-categories, the ∞-category of left
exact and cocontinuous functors shall be denoted [C,D]lexcc .
Definition 2.2. — The very large ∞-category of ∞-toposes is defined by:
Top = Logop .
The isomorphism sends an ∞-topos X to its ∞-logos Sh(X); a morphism f : X→
Y is sent to f ∗ : Sh(Y)→ Sh(X).
Remark 2.3. — Manipulating ∞-topos usually requires many back and forth
between the ∞-category of ∞-toposes and its opposite. Distinguishing by
names and notations the two ∞-categories helps avoiding confusion, espe-
cially between the various types of morphisms.
Distinguishing between a category and its opposite is not new: the cat-
egory of affine schemes is the opposite category of the category of rings; there
the equivalence is denoted A 7→ Spec(A). In the same way the category of
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locales is the opposite category of the category of frames and the equivalence
is denoted X 7→ O(X).
Furthermore, there is a useful analogy between ∞-logoses and commut-
ative rings extending the analogy between colimts and sums; limits and
products; cocomplete categories and Abelian groups.
Definition 2.4. — Let D be a small category. Let D be the free category generated
by D by finite limits i.e (D)
op
is the smallest subcategory in P(Dop) containing
Dop and closed under finite colimits. We shall call S[D] = P(D) the free ∞-logos
generated by D.
Proposition 2.5 (Universal property of free ∞-logoses). — Let D be a small
∞-category and C be an ∞-logos. Let i : D → S[D] be the inclusion functor.
Then the restriction functor i∗ induces an equivalence between the ∞-category of
cocontinuous left exact functors S[D]→ C and the∞-category of functors D → C.
Proof. — Since D is the free ∞-category with finite limits generated by D
and left Kan extensions of left exact C-valued functors are still left exact, we
have the natural equivalences of ∞-categories:
[D,C] ≃
[
D,C
] lex ≃ [P(D),C] lex
cc
,
induced by the inclusions D ⊂ D ⊂ P(D).
Proposition 2.6. — An∞-category E is an∞-logos if and only if it is a left exact
and accessible reflective localisation of a free ∞-logos:
S[D] E ,
L
that is L is a left exact left adjoint and its right adjoint is fully faithful and access-
ible.
Proof. — By definition an ∞-logos E is a left exact and accessible reflective
localisation of a presheaf ∞-category L : P(D) → E with D a small ∞-cat-
egory. The proposition we want to prove is just a slight variation. Indeed
for any small ∞-category D, the Yoneda embedding D ↪→ P(D) extends to a
left exact and cocontinuous functor T : S[D]→ P(D). Its right adjoint is the
left extension of the inclusion D ↪→ P(D) = S[D], it is accessible and fully
faithful and LT : S[D]→ E is the desired reflective localisation.
2.2 Affine ∞-toposes
The category of commutative rings is generated under colimits by free rings
Z[x1, . . . , xn], hence the category affine schemes is generated under limits by
the affine spacesAn. We wish to prove the analoguestatement for∞-toposes.
Definition 2.7. — An affine ∞-topos is an ∞-topos X such that Sh(X) is a
free ∞-logos. Let Aff be the full subcategory of Top whose objects are the affine
∞-toposes.
We let AD be the affine ∞-topos with ∞-logos S[D], for a small ∞-category
D. For convenience, we also let A be the affine ∞-topos A∗; its ∞-logos will be
denoted S[X].
Proposition 2.8. — The ∞-category Top is generated under pullbacks by affine
∞-toposes.
2 ∞-toposes 5
Proof. — We are going to prove the dual statement that the ∞-category Log
is generated under pushouts by the free ∞-logoses. For any ∞-logos E, there
exists a free ∞-logos S[D] and a left exact and accessible reflective localisa-
tion functor L : S[D]→ Sh(X).
Let S be the set of morphisms f in S[D] such that L(f ) is an equivalence
in E, then S is strongly saturated. Because both S[D] and E are accessible
∞-categories, by proposition 5.5.4.2 in HTT [4] there exists a small subset
S0 ⊂ S such that S0 generates S as a strongly saturated class.
We can now identify E as S−10 S[D]. Let J be the ∞-category generated by
two objects and one invertible arrow. We then obtain the following pushout
in the ∞-category Log:
S
∐
S0
∆1
 S[D]
S
∐
S0
J
 E .⌜
This ends the proof that any ∞-logos is a poushout of free ∞-categories
of sheaves: morphisms f ∗ : Sh(X) → Sh(Y) are canonically equivalent to
morphisms g∗ : S[D]→ Sh(Y) such that g∗(s) is invertible for any s ∈ S0.
2.3 Tensor product of ∞-categories
We gather useful facts from chapter 5.5 of HTT [4], 1.4 and 4.8 of Higher
Algebra [7] on tensor products of ∞-categories and show that the coproduct
of ∞-logoses is given by the tensor product of the underlying cocomplete
∞-categories.
Theorem 2.9 [7, Corollary 4.8.1.4]. — The very large ∞-category Ĉatcc of
cocomplete ∞-categories and cocontinuous functors has a closed symmetric mon-
oidal structure ⊗ such that cocontinuous functors C ⊗D→ E canonically corres-
pond to functors C ×D→ E cocontinuous in each variable.
The unit object of ⊗ is the cocomplete ∞-category S.
Given A, B, C three ∞-categories, we shall denote by [A,B]cc the ∞-cat-
egory of cocontinuous functors from A to B. Like wise [A,B]c is the ∞-cat-
egory of continuous functors and [A ×B,C]c,c is the ∞-category of functors
that are continuous in each variable.
It will be important to understand how C ⊗ D is build as we need these
technical details for future proofs. The basic idea is to force the commutation
c ⊗ lim−−→ di ≃ lim−−→(c ⊗ di) and then to add all the colimits of ‘pure tensor’ c ⊗ d.
Because C andD are large, they areV-small so we get a reflective localisation
functor: [
(C ×D)op, Ŝ
]
−→
[
(C ×D)op, Ŝ
] c,c
.
By composition with the Yoneda embedding, we get a functor:
C ×D→
[
(C ×D)op, Ŝ
] c,c
,
which is cocontinuous in each variable. The tensor product C⊗D is then the
smallest cocomplete subcategory of
[
(C ×D)op, Ŝ
] c,c
that contains the image
of the Yoneda embedding.
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Theorem 2.10 [7, Remark 4.8.1.18]. — Let C and D be two presentable ∞-cat-
egories, then C ⊗D is presentable. Moreover [C,D]cc is also presentable, so that
Pres, the large ∞-category of presentable ∞-categories, inherits a closed symmet-
ric monoidal structure from Ĉatcc.
Proposition 2.11 [7, Proposition 4.8.1.17]. — Let C and D be two presentable
∞-categories, then C ⊗D ≃ [Cop,D]c.
Proposition 2.12 [7, Proof of prop. 4.8.1.15]. — Let A and B be presentable
∞-categories. Let A → S−1A and B → T−1B be accessible and reflective local-
isations. Let f : A × B → A ⊗ B be the canonical map and denote by S ⊠ T the
set of arrows in A ⊗ B of the form f (s × b) with (s, b) ∈ S × B or f (a × t) with
(a, t) ∈ A × T. Then the localisation of A ⊗B along S ⊠ T exists, is reflective and
accessible. In addition:
(S ⊠ T)−1A ⊗B ≃ (S−1A) ⊗ (T−1B) .
As a direct consequence of the universal property of the tensor product,
we obtain the following corollary:
Corollary 2.13. — The following square is a pushout in Ĉatcc,
A ⊗B S−1A ⊗B
A ⊗ T−1B (S−1A) ⊗ (T−1B) .
⌜
For the next theorem, we shall need a lemma that can be found in the
online corrected version of HTT.
Lemma 2.14 [8, Lemma 6.3.3.4]. — LetL be an∞-logos and let F, G : L→ L be
two accessible and left exact localisation functors. Then the intersection FL∩GL
is a left exact and accessible localisation of L.
We now describe the coproducts inside Log. Notice that the following
theorem is stated in HA [7, Example 4.8.1.19] but the proof is left to the
reader as it has already been proved in HTT [4, Theorem 7.3.3.9] for the case
where one of the two ∞-toposes is localic.
Theorem 2.15. — If L and M are two ∞-logoses, then L ⊗M is a coproduct of
L and M in Log.
Proof. — Let C and D be two small ∞-categories, we first remark that
S[C] ⊗ S[D] ≃ S[C⨿ D] .
To see this, we remark that
S[C] ⊗ S[D] = P(C) ⊗ P(D) ≃ P(C × D) .
Now look at the finite completion functor C 7→ C. It starts from Cat and goes
to Catlex, the large ∞-category of finitely complete small ∞-categories with
left exact functors. This functor is left adjoint to the forgetful functor. Hence
it sends coproducts to coproducts. But in Catlex products and coproducts
coincide, and because the forgetful functor preserves limits, we have:
C⨿ D ≃ C × D =⇒ S[C] ⊗ S[D] ≃ P(C × D) ≃ P(C⨿ D) = S[C⨿ D] .
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By the universal property of free ∞-logoses, we deduce that S[C⨿ D] a cop-
roduct of S[C] and S[D].
LetL andM be two∞-logoses, we will now show thatL⊗M is an∞-logos.
There exists two small∞-categories C and D together with two accessible left
exact reflective localisation functors G : S[C] → L and H : S[D] → M. Then
both
GD
op
: S[C]D
op
→ LDop and HCop : S[D]C
op
→MCop
are left exact and accessible reflective localisation functors. By corollary 2.13,
we deduce that L ⊗M is equivalent to the intersection (L ⊗ S[D]) ∩ (S[C] ⊗
M) and is thus, by lemma 2.14, an accessible and left exact localisation of
S[C] ⊗ S[D]. As we have just shown above, S[C] ⊗ S[D] is equivalent to a free
∞-logos, so that L ⊗M is indeed an ∞-logos.
Let p∗ : S → L be a morphism of ∞-logoses (unique up to contractible
choice) and let q∗ : S → M be another. We claim that the maps p∗ ⊗ IdM :
M→ L ⊗M and IdL ⊗ q∗ : L→ L ⊗M exhibit L ⊗M as a pushout of L and
M in Log. Notice that both maps are left exact and cocontinuous: the first is
the localisation along left exact functors of the left exact cocontinuous map
S[D] → S[C] ⊗ S[D] ≃ S[C⨿ D] induced by the canonical map D ↪→ C⨿ D.
For a symmetric reason, the second map is also a morphism of ∞-logoses.
For any ∞-logos E, those two maps induce a commutative square
[L ⊗M,E]lexcc [L,E]lexcc × [M,E]lexcc
[S[C⨿ D],E]lexcc [S[C],E]lexcc × [S[D],E]lexcc .
In the above diagram, the vertical arrows are inclusions and the bottom
one is an equivalence as S[C⨿ D] is the coproduct S[C]⨿ S[D].
So we only need to show that if (ϕ,ψ) ∈ [S[C],E]lexcc × [S[D],E]lexcc factorises
through L and M then the associated map ϕ⨿ ψ factorises through L ⊗M.
Let S be a set of arrows of S[C] such that L ≃ S−1S[C] and let be T such that
M ≃ T−1S[D]. If ϕ and ψ factorise, it means that ϕ sends arrows in S to
equivalences and ψ sends arrows in T to equivalences. Let S ⊠ T be the set
of arrows of the form s ⊗ x for s ∈ S, x ∈ S[D] or y ⊗ t with t ∈ T, y ∈ S[C],
in S[C] ⊗ S[D]. By the proof that S[C] ⊗ S[D] ≃ S[C⨿ D] above, we have that
the map from S[C ⨿ D] to E associated to (ϕ,ψ) is equivalent to the map
ϕ ⊗ ψ : S[C] ⊗ S[D]→ E. But ϕ ⊗ ψ sends arrows in S ⊠ T to equivalences so
it factorises through L ⊗M ≃ (S ⊠ T)−1S[C] ⊗ S[D].
§ 3. — coends for ∞-categories
As a prerequisite for the study of dualisable objects in Ĉatcc and the ∞-cat-
egory of ω-continuous sheaves, we must develop the theory of coends in the
∞-setting. Traditional references on ends and coends for categories include
MacLane [9] and Kelly [10]. An introduction is given by Upmeier [11]. The
beginning of the theory of coends for quasi-categories has been developed
by Cranch [12] and Glasman [13]. In his thesis Cranch develops the defin-
ition of dinatural transformations between bifunctors and proves it extends
the usual definition for categories, while Glasman proves that the space of
natural transformations can be written as an end.
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The tensor product of ∞-category of presheaves allow us to develop the
theory of coends in a straightforward way. It also does not depend on a
particular model for ∞-categories.
In this section we let D be a small ∞-category and C be a cocomplete
∞-category.
3.1 Definition and first properties
Definition 3.1. — The left Kan extension of the map functor MapD : Dop×D →
S to P(Dop × D) is called the coend functor and is denoted:∫
D
: P(Dop × D)→ S .
Remark 3.2. — By definition
∫
D is cocontinuous.
Proposition 3.3. — The functor P(Dop) × P(D)→ S defined by:
(F, G) 7→
∫
c ∈C
F(c) × G(c) ,
is cocontinuous in each variable.
Proof. — This functor is the composition of the cocontinuous functor
∫
D with
the canonical map P(Dop) × P(D) → P(Dop) ⊗ P(D) ≃ P(Dop × D) which is
cocontinuous in each variable.
Thanks to the tensor product it is possible to extend the definition of the
coend to bimodules with values in any cocomplete ∞-category C.
Proposition 3.4. — The coend functor induces a cocontinuous functor
∫
D : [D ×
Dop,C] −→ C still called the coend functor.
Proof. — The map is obtained by tensoring with IdC. We then have a cocon-
tinuous functor
∫
D ⊗ IdC : P(Dop × D) ⊗ C → C. But the tensor product
P(Dop × D) ⊗ C is canonically equivalent to the ∞-category [D × Dop,C].
Proposition 3.5 (Fubini). — Let C and D be two small ∞-categories and E be a
cocomplete ∞-category. For any functor F : Cop × C × Dop × D → E we have:∫
c ∈C

∫
d ∈D
F(−,−, d, d)
 (c, c) ≃
∫
d ∈D

∫
c ∈C
F (c, c,−,−)
 (d, d) .
Proof. — Thanks to the equivalences
[Cop ×C×Dop ×D,E] ≃ P(C×Cop)⊗ [Dop ×D,E] ≃ P(D×Dop)⊗ [Cop ×C,E] ,
the following coend square commutes:
[Cop × C × Dop × D,E] P(C × Cop) ⊗ E
P(D × Dop) ⊗ E E .
∫
C
∫
D
∫
c∫
D
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3.2 Yoneda lemma
Let us recall the definition of tensoring of a cocomplete ∞-category over S.
Let (K, c) ∈ S × C. Then the cotensor cK defined by:
K ⊗ c = lim−−→
K
c .
It is a cocontinuous functor in each variable.
Proposition 3.6 (Yoneda). — Let F : D → C be a functor. Then for any c ∈ D,
F(c) ≃
∫
d ∈C
[d, c] ⊗ F(d) ,
where [d, c] is a shorthand notation for the Map(d, c).
Proof. — Let’s prove the case where C = S. Let F : D → S be any functor and
let y : Dop → P(Dop) be the Yoneda embedding.
By cocontinuity of the coend functor, we have for c ∈ D,∫
d ∈D
[d, c] × F(d) ≃ lim−−→
x ∈ el(F)
∫
d ∈D
[d, c] × [x, d] .
But by definition of the coend functor
∫
d ∈D[d, c] × [x, d] ≃ x(c) And the for-
mula is proved: ∫
d ∈D
[d, c] × F(d) ≃ lim−−→
x ∈ el(F)
[x, c] ≃ F(c) .
Hence the functor F 7→ ∫
d ∈D[d,−] × F(d) is homotopic to the identity.
Tensoring it with the identity of C, we obtain an endofunctor of [D,C] F 7→∫
d ∈D[d,−] ⊗ F(d) homotopic to the identity, which proves the formula.
3.3 Left Kan extensions as coends
When a bimodule Dop×D → C is given by the tensor product of two functors,
the coend is easily expressible in terms of colimits. In return, we are able to
calculate left Kan extension along the Yoneda embedding with the coend
functor.
Proposition 3.7. — Let G be an object of P(D) and let F : D → C be a functor.
Then: ∫
d ∈D
G(d) ⊗ F(d) ≃ lim−−→
d ∈ el(G)
F(d) .
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Proof. — The functor P(D) × [D,C]→ [Dop ×D,C] sending (G, F) to G⊗ F is
cocontinuous in the first variable and the coend functor is cocontinuous. We
then have that G ≃ lim−−→
c ∈ el(G)
[−, c] implies:
∫
d ∈D
G(d) ⊗ F(d) ≃
∫
d ∈D
 lim−−→
d ∈ el(G)
[c, d]
 ⊗ F(c)
≃
∫
d∈D
lim−−→
d ∈ el(G)
[d, c] ⊗ F(c) ≃ lim−−→
c ∈ el(G)
∫
d ∈D
[d, c] ⊗ F(c)
≃ lim−−→
d ∈ el(G)
F(d) . (Yoneda)
Corollary 3.8. — Let F : D → C be a functor. Then the left Kan extension of F
along the inclusion i : D → P(D) is given by:
LaniF : G 7→
∫
d ∈D
G(d) ⊗ F(d) .
Proof. — For any functor G ∈ P(D), write el(G) for its ∞-category of ele-
ments. Then G ≃ lim−−→
c ∈ el(G)
d in P(D), so the left Kan extension is given by:
(LaniF)(G) ≃ lim−−→
d ∈ el(G)
F(d) .
Then apply proposition 3.7.
Remark 3.9. — Dualising the proofs, one can obtain the results of the theory
of ends.
§ 4. — exponentiable ∞-toposes
In this section we prove that exponentiable ∞-toposes X are those whose
∞-logos Sh(X) is continuous. This result is an ∞-version of the theorem of
Johnstone and Joyal [1, Theorem 4.10].
Definition 4.1. — Let X be an ∞-topos, we will say that X is exponentiable if
the functor Y 7→ Y × X has a right adjoint.
For an ∞-topos Y we will say that the particular exponential YX exists if
there is an ∞-topos YX and a map X × YX → Y such that the induced map
Map(Z,YX)→ Map(Z × X,Y) is an isomorphism in Ĥ for every Z ∈ Top.
Remark 4.2. — By proposition 5.2.2.12 in HTT [4], an ∞-topos X is exponen-
tiable if and only if for any Y ∈ Top, the particular exponential YX exists.
4.1 Injective ∞-toposes and their points
Definition 4.3. — We shall say that f : X → Y is an inclusion or that X is a
subtopos of Y if f ∗ has a fully faithful right adjoint.
Definition 4.4. — An ∞-topos X is injective if for every subtopos m : Y → Z,
the composition morphism Map(Z,X)→ Map(Y,X) has a section.
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Remark 4.5. — This notion of injective ∞-topos corresponds to the notion of
weakly injective topos defined in Sketches of an Elephant [14]. We do not in-
vestigate the notions of complete injective and strongly injective ∞-toposes.
Proposition 4.6. — All affine ∞-toposes are injective. Furthermore an ∞-topos
is injective if and only if it is a retract in Top of an affine ∞-toposes.
Proof. — Let X be an injective ∞-topos, then by definition, there exists an
inclusion X → AD with D a small ∞-category. Because X is injective, this
morphism must split.
On the contrary we will prove that any affine ∞-topos is injective: let
F = Sh(Y) and G = Sh(Z) be two ∞-toposes and f : Y → Z be an inclusion
of ∞-toposes. Thanks to the universal property of affine ∞-toposes, we have
the following equivalences Map(Y,AD) ≃ core([D,F]) and Map(Z,AD) ≃
core([D,G]), where core designates the maximal subgroupoid of an ∞-cat-
egory. Then the reflective localisation f ∗ gives the desired reflective localisa-
tion (f ∗)D.
Finally, let’s prove that a retract of an injective ∞-topos is still injective:
let r : X→ X′ be a retraction in Top with X injective and s : X′ → X a section.
Let i : Y ↪→ Z be an inclusion and f : Y → X′ be any map. Then sf : Y → X
can be extended in g : Z→ X becauseX is injective. Then rg : Z→ X extends
f .
Injective ∞-toposes have the particular property of being characterised
by their ∞-categories of points. That is, knowing pt(X), we can recover X in
the case where X is injective.
Remark 4.7. — Generally there are several ways to build the opposite cat-
egory of an (∞,2)-category depending on whether one would like to ‘op’
1-arrows and/or 2-arrows. The definition of the ∞-category of points of
an ∞-topos here reflects the choice of a definition Top = Logop where we
choose to ‘op’ only 1-arrows. Having said that, the definition of the ∞-cat-
egory of points of an ∞-topos X is just pt(X) = [ ∗ ,X]Top in this (∞,2)-
categorical framework.
In the ∞-category of points, morphisms correspond to ‘generisation’ of
points. Morphisms in the opposite ∞-category would correspond to ‘special-
isation’ of points.
Definition 4.8. — Let Inj be the full subcategory of Top made of injective
∞-toposes.
Let us also define pt(Inj) as a non-full subcategory of Ĉat∞. Its objects are
presheaves ∞-categories P(D) with D a small ∞-category and their retracts by
ω-continuous functors; its morphisms are the ω-continuous functors.
Proposition 4.9. — The functor of points pt : Inj → pt(Inj) is an equivalence
of ∞-categories.
Proof. — Let D be a small ∞-category, then pt(AD) ≃ P(Dop) so, by propos-
ition 4.6, pt is a well defined functor from Inj to pt(Inj).
We build a new functor ψ : A 7→ [A, S]ω, where [A, S]ω is the ∞-category
of ω-continuous functors between A and S.
We claim that ψ is a functor from pt(Inj) to Injop. For this, let m : A→ B
be an ω-continuous functor, then it induces a functor m∗ : [B, S]ω → [A, S]ω.
Because filtered colimits are left exact in S, we see that finite limits and all
colimits in ψ(A) and ψ(B) are computed pointwise, so m∗ is cocontinous and
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left exact. Finally, ψ(P(Dop)) ≃ S[D] = Sh(AD), so that by proposition 4.6
ψ is well defined.
By the above computation, the functor of points pt induces an equival-
ence on the subcategory of affine ∞-toposes to the subcategory of pt(Inj)
made of presheaves ∞-categories. This equivalence extends to their Cauchy-
completion.
4.2 Continuous ∞-categories
The definition of a continuous category was first given in Continuous categor-
ies and exponentiable toposes [1]. We shall prove here the same propositions
in the ∞-setting.
Definition 4.10. — Let C be an ∞-category with filtered colimits. We will say
that C is continuous if the colimit functor ε : Ind(C) → C has a left adjoint
β : C→ Ind(C).
The ∞-category Ind(C) is not presentable even when C is. We will now
focus on continuous categories with smallness properties. Namely, we wish
to replace Ind(C) by a presentable ∞-category Ind(D).
Definition 4.11. — Let C be a continuous ∞-category. If there exists a small
full subcategory D ⊂ C, such that D is stable in C under finite limits and colimits
and such that the evaluation functor Ind(D)→ C has a fully faithful left adjoint,
then we call the triple adjunction:
Ind(D) C ,ε
α
β
a standard presentation.
Proposition 4.12. — Let C be a presentable and continuous ∞-category. Then C
has a standard presentation.
Proof. — Because C is presentable, there exists a small and dense full sub-
category D ⊂ C. We can then take D′ the smallest full subcategory of C
containing D and closed in C under finite limits and colimits. As such, D′ is
dense in C so that the evaluation functor ε : Ind(D′)→ C has a fully faithful
right adjoint α : C→ Ind(D′).
As ε : Ind(C) → C is continuous and Ind(D′) ⊂ Ind(C) commutes with
limits, we deduce that ε : Ind(D′) → C is continuous and then has a left
adjoint β because Ind(D′) and C are presentable.
Proposition 4.13. — Let D be an ∞-category. Then Ind(D) is continuous.
Proof. — We denote a generic object of Ind(Ind(D)) as “ lim−−→
′′
I
‘ lim−−→
′
Ji
dij .
Then, the functor α : Ind(D) → Ind(Ind(D)) right adjoint to ε is given
by “ lim−−→
′′ di 7→ ‘ lim−−→
′ di .
We claim that the left adjoint β is given by sending “ lim−−→
′′ di in Ind(D) on
“ lim−−→
′′ di in Ind(Ind(D)), that is β = Ind(α). We have a unit transformation
of (β, ε): Id ≃ εβ. So we can check the adjunction on mapping spaces. Any
d ∈ D is an ω-compact object of Ind(D), so that for any d = “ lim−−→i d
′′
i , β(d)
is a formal colimit of ω-compact objects of Ind(D). Let a = “lim−−→
j∈J
′′‘ lim←−−
k∈Kj
′djk .
Then we have:
Map(β(d), a) ≃ lim−−→
j∈J
lim−−→
k∈Kj
lim←−−
i∈I
Map(di , djk) ≃ Map(d, ε(a)) .
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Proposition 4.14. — Any retract by ω-continuous functors of a continuous
∞-category is continuous.
Proof. — Let r : C → D be a retraction by ω-continuous functors and sup-
pose C is continuous. Let s be an ω-continuous section of r. Because both
commute with filtered colimits, we have εD ◦ Ind(r) ≃ r ◦ εC and s ◦ εD ≃
εC ◦ Ind(s). This means we get the following retract diagram:
Ind(D) Ind(C) Ind(D)
D C D .
Ind(s)
εD εC
Ind(r)
εD
s r
Let θ = Ind(r) ◦ βC ◦ s. The functor θ is a good candidate to be the left
adjoint to εD. Indeed, from the unit transformation Id ≃ εC ◦ βC we get
u : Id ≃ εD ◦ θ. From the counit transformation βC ◦ εC → Id we also get a
counit transformation k : θ ◦ εD → Id. Finally kθ ◦ θu : θ→ θ is homotopic
to the identity transformation. Unfortunately εDk ◦ uεD : εD → εD is not
homotopic to the identity transformation (in this case, one would call θ a
weak adjoint). Instead εDk is idempotent.
Fortunately, the category [D, Ind(D)] has all filtered colimits; thus idem-
potents split [4, corollary 4.4.5.16]. Let θ
τ−→ β σ−→ θ be such a splitting.
We get a new counit map k′ = k ◦ (σεD) : βεC → Id and a new unit map
u′ = (εDτ) ◦ u : Id ≃ εDβ. This time εDk′ ◦ u′εD is homotopic to the unit
transformation, as well as k′β ◦ βu′ .
So β is a left adjoint to εD, hence D is a continuous ∞-category.
Proposition 4.15. — A presentable ∞-category C is the ∞-category of points of
an injective ∞-topos X if and only if C is continuous.
Proof. — Suppose C ∈ pt(Inj), then by proposition 4.9, we know that C is a
retract by ω-continuous functors of an ∞-category of presheaves P(D). But
P(D) is finitely presentable, so it is continuous by proposition 4.13, and C is
continuous by proposition 4.14.
Conversely, assume that C is continuous. Because it is smally presentable,
by proposition 4.12, we get a standard presentation Ind(D) → C. In partic-
ular, C is a retract by ω-continuous functors of Ind(D), and Ind(D) is itself
such a retract of P(D), so that C ∈ pt(Inj).
Corollary 4.16. — If X is an exponentiable ∞-topos, then the ∞-category
Sh(X) is continuous.
Proof. — By proposition 4.6 the ∞-toposA is injective and the functor (−)×
X preserves inclusions, so AX is also injective. Now, by definition of A, we
have the equivalence of ∞-categories pt(AX) ≃ Sh(X) which implies the
result.
4.3 ω-continuous sheaves
Let X be a locally quasi-compact and Hausdorff topological space and let C be
an ∞-category where filtered colimts are left exact. Then the ∞-category of
C-valued sheaves on X has an alternative description [4, Corollary 7.3.4.10]:
it is the∞-category of functors F : Kop → C, whereK is the poset of compact
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subsets of X, that preserve finite limits and some filtered colimits. We call
such sheaves ω-continuous sheaves.
We wish to prove that, more generally the category of C-valued sheaves
on an exponentiable ∞-topos can be described with small colimits and finite
limits condition instead of small limits conditions.
Let us recall the following definition.
Definition 4.17. — By an idempotent comonad on an ∞-category C, we mean
the following data: an endofunctor W : C → C together with a natural trans-
formation ε : W ⇒ IdC such that both εW : W2 ⇒ W and Wε : W2 ⇒ W are
point-wise equivalences of endofunctors. This data is equivalent to the data of the
coreflective subcategory of fixed points of W inside C [4, Proposition 5.2.7.4].
4.3.1 ω-continuous sheaves of spaces
Given an exponentiable ∞-topos X, as Sh(X) is a continuous ∞-category we
have a standard presentation:
Ind(D) Sh(X) .ε
α
β
We then obtain an idempotent cocontinuous comonad W = βε on Ind(D)
and an identification between Sh(X) and the ∞-category Fix(W) of fixed
points of W in Ind(D).
Definition 4.18. — The idempotent comonad W : Ind(D) → Ind(D) is cocon-
tinuous, we write w : D ↛ D for the corresponding bimodule. That is for
(a, b) ∈ Dop × D, we set w(a, b) = MapD(a, βε b).
Remark 4.19. — An object of w(a, b) is what is called a wavy arrow and de-
noted a⇝ b in Continuous categories and exponentiable toposes [1].
Proposition 4.20. — Let X be an exponentiable ∞-topos together with a stand-
ard presentation of its associated∞-logos. Then Sh(X) is equivalent to the∞-cat-
egory of left exact functors F : Dop → S satisfying the condition:
F(a) ≃
∫
b ∈D
w(a, b) × F(b) ,
for all a ∈ D.
Proof. — Let i : Ind(D) → P(D) be the canonical embedding and write
(w ⊗ −) for the left Kan extension of w : D → P(D) along D → P(D). That is
for F : Dop → S we have:
w ⊗
D
F =
∫
b ∈D
w(−, b) × F(b) .
Now suppose F is a left exact functor, then we claim that w ⊗ F ≃ iWF.
Indeed, the comonad W is cocontinuous, hence it coincides with the left Kan
extension of its own restriction to D. Furthermore, the embedding i com-
mutes with filtered colimits and D generates Ind(D) under filtered colimits,
hence iW is also a left Kan extension of its restriction to D.
The next step is to show that the two functors (w ⊗ −) and iW coincide
on D. This is true by definition as w(−, b) = iWb. The conclusion is that
W is a restriction to Ind(D) of the functor (w ⊗ −). Because of this, we can
deduce that i(Fix(W)) ≃ Fix(w ⊗ −) ∩ i(Ind(D)) which proves the theorem:
the functor βi : Sh(X) → Fix(w ⊗ −) ∩ i(Ind(D)) is an equivalence of ∞-cat-
egories.
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Definition 4.21. — Let (w ⊗ −) be the left Kan extension of w : D → P(D)
along the Yoneda embedding y : D → P(D). We call an object of Fix(w!) ∩
i(Ind(D)) an ω-continuous sheaf (of spaces). In other words, an ω-continuous
sheaf of spaces is a left exact functor Dop → S such that:
F(a) ≃
∫
b ∈D
w(a, b) × F(b) ,
for all a ∈ D.
4.3.2 C-valued sheaves
Let X be an ∞-topos and C be any ∞-category. The usual definition of C-val-
ued sheaves on X is the following: Sh(X,C) =
[
Sh(X)op,C
] c
. However, in the
case where C is a bicomplete ∞-category, we wish to show there is another
useful expression to work with: Sh(X,C) ≃ Sh(X) ⊗ C.
This result is a slightly different version of proposition 2.11 where the
assumptions on the two ∞-categories are weakened; essentially by replacing
the presentability condition by a small generation one. We begin with the
simplest case.
Lemma 4.22. — Let D be a small ∞-category and C be a bicomplete ∞-category,
then
[
P(D)op,C
] c ≃ P(D) ⊗ C.
Proof. — By theorem 5.6, P(D) is a dualisable object of Ĉatcc; its dual is
P(Dop). Because C is supposed to be bicomplete, we now have the equival-
ences:
P(D) ⊗ C ≃ [P(Dop),C]cc ≃ [Dop,C] ≃
[
P(D)op,C
] c
.
Definition 4.23. — A cocomplete ∞-category C shall be called smally generated
if it admits a small and dense subcategory D ⊂ C. Equivalently, C is smally
generated when it is a reflective localisation of an ∞-category of presheaves on a
small ∞-category.
Proposition 4.24. — LetA andB be two∞-categories. Suppose thatA is cocom-
plete and smally generated and B is bicomplete, then:
A ⊗B ≃ [Aop,B]c .
Proof. — Let D be a small ∞-category and let S be a large set or arrows
of P(D) such that A is the subcategory of S-local objects of P(D). Let f :
P(D) × B → P(D) ⊗ B be the canonical map and let T be the large set of all
morphisms in P(D) ⊗B having the form f (s × Idb) for every s ∈ S and b ∈ B.
Then by proposition 2.12, we have:
T−1(P(D) ⊗B) ≃ A ⊗B .
By the previous lemma we have P(D) ⊗ B ≃
[
P(D)op,B
] c
so that A ⊗ B cor-
respond to the ∞-category of T′-local objects of
[
P(D)op,B
] c
, where T′ is
the large set of all morphisms of the form f ′(s × Idb) with f ′ : P(D) × B →
[P(D)op,B]c the corresponding canonical map.
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We only need to check that the ∞-category [Aop,B]c is the subcategory
of [P(D)op,B]c made of T′-local objects. For this, we draw the following
commutative diagram:[
P(D)op,B
] c [
P(D)op ×Bop, S
] c,c
[Aop,B]c [Aop ×Bop, S]c,c ,
ϕ
ψ
where all arrows are fully faithful. Let T′′ be the large set of objects of ϕ(T′)
and let F be an object of
[
P(D)op,B
] c
. The morphism F is T′-local if and only
if ϕ(F) is T′′-local and T′′-local objects of
[
P(D)op ×Bop, S
] c,c
are precisely
the objects of [Aop ×Bop, S]c,c by direct computation (use Yoneda lemma and
the proof of proposition 5.5.4.20 of HTT [4]). Hence, ϕ(F) is T′′-local if and
only if it lies in the image of ψ. We have proved the desired equivalence.
Corollary 4.25. — Let X be an ∞-topos and C be a bicomplete ∞-category,
then:
Sh(X,C) ≃ Sh(X) ⊗ C .
Corollary 4.26. — LetA and B be two cocomplete and smally generated∞-cat-
egories and let C be a bicomplete ∞-category. Then for every cocontinuous func-
tor f : A → B, the cocontinuous functor f ′ = f ⊗ IdC has a right adjoint
f ∗ : [Aop,C]c → [Bop,C]c given by precomposition by f op.
Proof. — For this proof, we need to understand concretely how f ′ is built.
We draw the diagram:
A ⊗ C
[
Aop × Cop, Ŝ
] c,c [
Aop × Cop, Ŝ
]
B ⊗ C
[
Bop × Cop, Ŝ
] c,c [
Bop × Cop, Ŝ
]
.
f ′ Lf! f!f ∗ f ∗ f ∗
With the horizontal arrows going to the right being fully faithful.
By left Kan extension, we get the functor f!; localising it we have Lf!.
Then by construction of the tensor product, Lf! sends the subcategory A ⊗ C
to B ⊗ C, the restriction of Lf! to A ⊗B is the desired f ′ .
Meanwhile, f ∗ is well defined on the right and restricts to the central
column. The key point is that it can also be restricted to the first column
thanks to proposition 4.24.
By proposition 4.3.3.7 in HTT [4], f! is left adjoint to f ∗. This implies that
Lf! is left adjoint to f ∗ and because the restriction of an adjunction is still an
adjunction, we deduce that f ′ is left adjoint to f ∗.
Remark 4.27. — Corollaries 4.25 and 4.26 imply in particular that for every
topological space X, there always exists a sheafification functor adjoint to the
natural inclusion:
PSh(X) ⊗ C Sh(X) ⊗ C .
where PSh(X) denotes the ∞-category of presheaves in S on X, as long as C
is bicomplete. However this sheafification functor is usually not left exact.
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Corollary 4.28. — Let D be a small ∞-category which has all finite colimits
and let ϕ : C → E be a left exact and cocontinuous functor between bicomplete
∞-categories. Then the functors IdInd(D) ⊗ ϕ : Ind(D) ⊗ C −→ Ind(D) ⊗ E and
(ϕ◦−) : [Dop,C]lex −→ [Dop,E]lex are canonically equivalent. In particular both
are left exact and cocontinuous.
Proof. — We know from proposition 4.24 that the functors (Ind(D)⊗−) and
[Dop,−]lex are equivalent when applied to bicomplete ∞-categories.
Let us denode by L : P(D) −→ Ind(D) the left adjoint to the natural
inclusion of ind-objects inside presheaves. Then by the previous corollary,
the functor L ⊗ C : P(D) ⊗ C ≃ [Dop,C] −→ Ind(D) ⊗ C ≃ [Dop,C]lex has a
right adjoint given by the inclusion [Dop,C]lex ⊂ [Dop,C]. The same is true
for E. By functoriality of the tensor product, we know that the following
diagram commutes:
P(D) ⊗ C P(D) ⊗ E
Ind(D) ⊗ C Ind(D) ⊗ E .
IdP(D) ⊗ϕ
L⊗ IdC L⊗ IdE
IdInd(D) ⊗ϕ
Under the usual identification, the top map is equivalent to the composition
functor (ϕ ◦ −) : [Dop,C] → [Dop,E]. Since ϕ is assumed to be left exact, we
know it sends left exact functors to left exact functors. From this we get that
the restriction of (ϕ ◦ −) to the subcategories of left exact functors coincide
with the tensor product map IdInd(D) ⊗ ϕ.
4.3.3 C-valued ω-continuous sheaves
Going back to an exponentiable ∞-topos X and a standard presentation:
Ind(D) Sh(X) ,ε
α
β
we let C be a bicomplete ∞-category. Tensoring the standard presentation
with C be get another triple adjunction:
Ind(D) ⊗ C Sh(X) ⊗ C .ε′
α′
β′
The ∞-category Ind(D)⊗C is canonically equivalent to [Dop,C]lex. In the
same way Sh(X) ⊗ C can be identified with Sh(X,C). The functors β′ and ε′
are given by β′ = β⊗ IdC, ε′ = ε⊗ IdC. And we also identify ε′ with β∗ and α′
with ε∗.
Exactly as in the case of ω-continuous sheaves of spaces we obtain an
idempotent cocontinuous comonad W′ on Ind(D)⊗C by letting W = β′ε′ , as
well as an identification between the ∞-category of C-valued sheaves on X
and the ∞-category of fixed points of W′ .
Note L : P(D)→ Ind(D) the localisation functor adjoint to i : Ind(D)→
P(D), and L′ = L⊗ IdC : P(D)⊗ C→ Ind(D)⊗ C. Note i′ the right adjoint to
L′ . By construction, in the proof of proposition 4.20, the left Kan extension
w! : P(D) → P(D) satisfies Lw! ≃ WL. and as w! is cocontinuous, also by
construction, if w′! is defined as w!⊗ IdC, we get L′w′! ≃ W′L′ . This guaranties
the following inclusion: Fix(w′!) ∩ i′([Dop,C]lex) ⊂ i′(Fix(W′)).
We define C-valued ω-continuous sheaves as:
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Definition 4.29. — Let X be an exponentiable ∞-topos together with a stand-
ard presentation with generators D and let C be a cocomplete and finitely com-
plete ∞-category. We define the ∞-category Shω(D,C) of C-valued ω-continuous
sheaves on X as the ∞-category of left exact functors F : Dop → C such that:
F(a) =
∫
b
w(a, b) ⊗ F(b) ,
for all a ∈ D. Where ⊗ denotes the canonical tensoring of the cocomplete ∞-cat-
egory C over S.
We deduce the following proposition.
Proposition 4.30. — Let X be an exponentiable ∞-topos, D an ∞-category of
generators of a standard presentation and C a bicomplete ∞-category, then ε′L′ :
Shω(D,C)→ Sh(X,C) is fully faithful.
The remaining key proposition is to show that (w ⊗ −) sends left exact
functors to left exact functors. For this, we need to make the assumption
that C is an ∞-logos.
Definition 4.31. — Let C be an ∞-logos. Let us denote by | . | : S −→ C the
(essentially unique) morphism of ∞-logoses between S and C.
Theorem 4.32. — Let X be an exponentiable ∞-topos together with D an ∞-cat-
egory of generators of a standard presentation for Sh(X). Let C be an ∞-logos,
then the embedding Shω(D,C) −→ Sh(X,C) is an equivalence of ∞-categories.
Besides, this equivalence is functorial along morphisms of ∞-logoses.
Proof. — From the discussion above, we only need to prove that the coend:
(w ⊗
D
−) : F 7→ w ⊗
D
F =
∫
b ∈D
|w(−, b)| × F(b) ,
sends left exact functors F : Dop → C to left exact functors. The idea of the
proof is exactly the same as the one of proposition 4.20, modulo a change
of base ∞-logos to C. Using the cocontinuous and left exact map | . | : S →
C, the ∞-category D becomes enriched over C. Given an object d ∈ D, the
functor |MapD(−, d)| : Dop −→ C defines an object of [Dop,C]lex and using the
C-enriched version of the Yoneda embedding, we get a fully faithful functor:
D ↪→ [Dop,C]lex ≃ Ind(D) ⊗ C ,
that describes Ind(D)⊗C as the C-enriched∞-category freely generated by D
under filtered C-colimits: Ind(D) ⊗ C ≃ IndC(D). Moreover the embedding:
IndC(D) ≃ [Dop,C]lex ↪→ [Dop,C] ≃ P(D) ⊗ C ,
commutes with filtered C-colimits as they are computed pointwise.
As a consequence, we need only to check that (w⊗−) sends representable
functors to left exact ones. Let d be an object of D, when:∫
b ∈D
|w(−, b)| × |MapD(b, d)| ≃
∣∣∣∣∣∣∣∣
∫
b ∈D
w(−, b) ×MapD(b, d)
∣∣∣∣∣∣∣∣ ≃ |w(−, d)| ,
which is left exact as a composite of left exact functors.
The functoriality of the equivalence is a consequence of the functoriality
of the tensor product coupled with corollary 4.28.
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4.4 Exponentiability theorem
In corollary 4.16, we have seen that the ∞-category Sh(X) is continuous for
an exponentiable ∞-topos X. In the next theorem we wish to show the recip-
rocal statement.
Theorem 4.33. — An ∞-topos X is exponentiable if and only if the ∞-category
Sh(X) is continuous.
The proof of this theorem will follow naturally from the lemmas below.
Lemma 4.34. — An ∞-topos X is exponentiable if and only if the particular
exponentials
(
AD
)X
exists for everyAD ∈ Aff.
Proof. — By remark 4.2, we only need to show that the particular exponen-
tials YX exist for every Y ∈ Top. But by proposition 2.8, any Y ∈ Top is a limit
of affine ∞-toposes i.e Y ≃ lim←−−
i∈I
ADi . As every exponential
(
ADi
)X
exists, we
get a map:
X × lim←−−
i∈I
(
ADi
)X → lim←−−
i∈I
ADi ,
that exhibits lim←−−
i∈I
(
ADi
)X
as the exponential YX.
Lemma 4.35. — Let X be an ∞-topos for which the exponential AX exists, then
all exponentials
(
AD
)X
exist for every affine ∞-toposAD.
Proof. — The first part of the proof consists in showing that the ∞-topos
⟦D⟧ defined by P(D) = Sh(⟦D⟧) is exponentiable.
For this, we will show that P(D) is coexponentiable in Log. The map
S[C] → S[C × Dop] gives the unit map S[C] → S[C × Dop] ⊗ P(D). For every
L ∈ Log, we then have a map:
MapLog(S[C × Dop],L)→ MapLog(S[C],L ⊗ P(D)) ,
which is an isomorphism in Ĥ. Hence by lemma 4.34, ⟦D⟧ is exponentiable
and by the calculation we have just done
(
AC
)⟦D⟧ ≃AC×Dop .
We shall end the proof by noticing that the particular exponential
(
AD
)X
can be defined as
(
AX
)⟦Dop⟧
for any small∞-category D. The evaluation map
X ×AX →A gives:
X⟦D
op⟧ ×
(
AX
)⟦Dop⟧ −→AD .
Using the map X → X⟦Dop⟧ (from exponential of the first projection X ×
⟦Dop⟧→ X), we end up with the evaluation map:
X ×
(
AX
)⟦Dop⟧ →AD .
Finally for every ∞-topos Y, we get the following equivalences of mapping
spaces in Top:[
Y,
(
AX
)⟦Dop⟧] ≃ [Y × ⟦Dop⟧ × X,A] ≃ [Y × X,AD] .
Using lemma 4.34 again, X is exponentiable.
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Lemma 4.36. — LetX be an∞-topos such that Sh(X) is a continuous∞-category,
then the exponentialAX exists in Top.
Proof. — Let X be an ∞-topos such that Sh(X) is continuous. To show that
AX exists, we have to find an injective ∞-topos I and functorial isomorph-
isms MapLog(Sh(I),L)→ MapLog(S[X],L ⊗ Sh(X)) in Ĥ.
First we build I. For this take a standard presentation of Sh(X):
Ind(D) Sh(X) .ε
α
β
Let W = βε. Now because β and ε are adjoint and that β is fully faithful,
we have that W is an idempotent cocontinuous comonad on Ind(D) and β
induces an equivalence between Sh(X) and the fixed points of W.
Let w : Dop ×D → S be the corresponding bimodule. Notice that because
W has its values in ind-objects, the bimodule w is left exact in the first vari-
able. Moreover the idempotent comonad structure of W can be rewritten
in the following way: the bimodule w bears a bimodule map w ⇒ MapD
inducing the following formula:∫
c
w(a, c) × w(c, b) ≃ w(a, b) .
Let us denote by (− ⊗
Dop
w) : P(Dop)→ P(Dop) the functor defined by:
G ⊗
Dop
w =
∫
c
G(c) × w(c,−) .
Since w is left exact in the first variable, the endofunctor (− ⊗ w) (obtained
by left extension from w) is cocontinuous and left exact; it also bears the
structure of an idempotent comonad. We shall call P its ∞-category of fixed
points. We end up with the following presentation:
P(Dop) P ,ρ
κ
γ
where γρ ≃ (− ⊗ w), both γ and κ are fully faithful and γ is left exact. From
this presentation we deduce immediately that P is an ∞-logos and as it is a
retract in the ∞-category of ∞-logoses of P(Dop), its associated ∞-topos is
injective. This is our I.
Let L be any ∞-logos. We will show that [P,L]lexcc and Sh(X) ⊗ L are
equivalent by contemplating their respective descriptions.
The ∞-category [P,L]lexcc is equivalent, by definition of P, to the ∞-cat-
egory of cocontinuous and left exact functors F : P(Dop)→ L such that:
F ◦ (− ⊗
Dop
w) ≃ F .
But since F is cocontinuous and left exact, this ∞-category is also equivalent
to the ∞-category of left exact functors F : Dop → L such that:
w ⊗
D
F ≃ F .
In other words, [P,L]lexcc is equivalent to Shω(D,L). Moreover this equival-
ence is functorial in L.
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Using theorem 4.32 (one only needs a continuous ∞-category to use the
conclusions of the theorem), we are also given functorial equivalences of
∞-categories between Shω(D,L) and Sh(X) ⊗ L, so that we obtain equival-
ences in Ĥ: MapTop(Y, I) ≃ MapTop(Y×X,A) which are functorial in Y. This
proves the existence ofAX.
4.5 Glossary of maps between ∞-toposes
Given a morphism of ∞-toposes f : X→ Y, we shall say that:
▷ the ∞-topos X has trivial Y-shape if f ∗ is fully faithful;
▷ the morphism f is essential if f ∗ has a left adjoint;
▷ the morphism f is proper if it satisfies the stable Beck-Chevalley con-
dition [4, Definition 7.3.1.4];
▷ the morphism f is cell-like if f is proper and X has trivial Y-shape;
▷ the morphism f is étale if there exists U ∈ Sh(Y) such that f ∗ : Sh(Y)→
Sh(Y)/U is the product by U;
▷ the∞-topos X is an open (resp. closed, resp. locally closed) subtopos of
Y if f is an étale inclusion (resp. proper inclusion, resp. the intersection
of an étale inclusion and a proper inclusion).
4.6 Examples of exponentiable ∞-toposes
Proposition 4.37. — Let X be an ∞-topos and suppose that the ∞-category
Sh(X) is ω-presentable. Then X is exponentiable.
Proof. — If Sh(X) is ω-presentable, then there exists a small ∞-category D
such that Sh(X) ≃ Ind(D) and by proposition 4.13, the ∞-category Sh(X) is
continuous.
In particular all the affine ∞-toposes AD are exponentiable. Also all
∞-toposes X such that Sh(X) is a presheaf ∞-category. In particular if G
is a discrete group then BG is an exponentiable ∞-topos. Another class of
examples is given by the locally coherent n-toposes.
Definition 4.38. — Let C be an n-category which admits finite limits. We will
say that a Grothendieck topology on C is finitary if for every object c ∈ C and every
covering sieve C(0)/c ⊂ C/c there exists a finite collection of morphisms {ci → c}i∈I
in C(0)/c which generates the sieve C
(0)
/c .
Definition 4.39. — Let n < ∞, an n-topos is locally coherent if it is an n-topos
associated to a finitary n-site.
Proposition 4.40. — Let n < ∞ and X be a locally coherent n-topos, then X is
exponentiable.
Proof. — If C is a finitary n-site, then Sh(C) is ω-presentable. Indeed the
sheaf condition for F ∈ Sh(C) boils down to finite limit conditions. All sieves
are generated by finite collections {ci → c}i∈I so the sheaf condition:∏
i
F(ci)
∏
i→j
F(cj) · · ·
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involves only finite products at each level and there is only a finite number of
levels because in S≤n−1 limits of cosimplicial objects can be computed after
being truncated at level n.
The consequence is that the inclusion Sh(C) ↪→ P(C) commutes with
filtered colimits, which means that the reflective localisation P(C) → Sh(C)
is ω-accessible, so Sh(C) is ω-presentable and X is exponentiable by propos-
ition 4.37.
The following two propositions are trivial properties of exponentiable
objects in an ∞-category with finite limits.
Proposition 4.41. — Let X and Y be two exponentiable ∞-toposes, then X × Y is
exponentiable.
Proposition 4.42. — Let X be an exponentiable ∞-topos and r : X → Y a
retraction. Then Y is also exponentiable.
Proposition 4.43. — Let X→ Y be an étale morphism. If Y is exponentiable, so
is X. In particular open subtoposes of Y are exponentiable.
Proof. — The∞-category Sh(Y)/U is continuous because colimits in the slice
∞-topos can be computed using the projection π! : Y/U → Y.
Corollary 4.44. — Let X be a locally quasi-compact and quasi-separated topo-
logical space, then its associated ∞-topos is an exponentiable ∞-topos.
Proof. — If X is locally quasi-compact and quasi-separated, then the frame
O(X) is a retract of Ind(O(X))/X. Passing to the associated ∞-toposes and
using proposition 4.37 proves the corollary.
Remark 4.45. — This corollary implies in particular that ∞-toposes associ-
ated to locally quasi-compact and Hausdorff topological spaces are exponen-
tiable. An independent proof of that statement is given in HTT [4, Theorem
7.3.4.9].
The following proposition encompasses some of the previous ones.
Proposition 4.46. — Let f : I → Top be a small diagram of exponentiable
∞-toposes. Suppose also that for any arrow i → j in I, the following square
commutes:
Ind(Sh(Xj)) Ind(Sh(Xi))
Sh(Xj) Sh(Xi) .
Ind(f ∗ij )
βj
f ∗ij
βi
Then,
▷ the colimit of f is exponentiable;
▷ if I is cofiltered, the limit of f is exponentiable.
Proof. — By sections 6.3.2 and 6.3.3 in HTT [4], limits and filtered colimits
of ∞-categories of sheaves can be computed in Ĉat. By direct computation,
lim←−− Ind(Sh(Xi)) ≃ Ind(lim←−− Sh(Xi)) and thanks to the commuting squares we
requested, we get a functor β : lim←−− Sh(Xi) → Ind(Sh(Xi)) left adjoint to the
evaluation functor, so that lim←−− Sh(Xi) is continuous.
In the same way, if I is cofiltered, then lim−−→ Ind(Sh(Xi)) ≃ Ind(lim−−→ Sh(Xi))
and we end up with the same conclusion.
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Remark 4.47. — As a consequence, a colimit of a diagram of exponentiable
∞-toposes with étale maps is exponentiable.
Corollary 4.48. — Let f : I → Top be a small cofiltered diagram of exponenti-
able ∞-toposes. Assume that for every arrow i → j, the corresponding morphism
f (i)→ f (j) is proper and that the∞-logos associated to each f (i) is ω-accessible.
Then the limit of f is also an exponentiable ∞-topos.
Proof. — Let f : X→ Y be an arrow in such a diagram. Then by assumption
both Sh(X) and Sh(Y) are ∞-categories of ind-objects. In addition since f is
proper, by remark 7.3.1.5 in HTT [4], f∗ is ω-continuous so that f ∗ preserves
ω-compact objects. We can then apply proposition 4.46.
We now describe subtoposes of an exponentiable ∞-topos.
Proposition 4.49. — Let X be an exponentiable ∞-topos and i : Y ⊂ X be a
subtopos. If the reflective localisation i∗ : Sh(X)→ Sh(Y) is ω-accessible, then Y
is exponentiable.
Proof. — If the right adjoint to i∗ is ω-continuous, then Sh(Y) becomes a
retract by ω-continuous functors and we conclude with proposition 4.14.
Corollary 4.50. — Let X ↪→ Y be a closed subtopos of Y. Suppose Y is exponen-
tiable, then X is also exponentiable.
Proof. — By remark 7.3.1.5 in HTT [4], if f is proper, the functor f∗ is ω-
continuous.
Finally combining the results we have on open and closed subtoposes, we
get the following proposition:
Proposition 4.51. — Every locally closed subtopos of an exponentiable ∞-topos
is exponentiable.
Proposition 4.52. — Let f : X → Y be a map between two ∞-toposes. Suppose
moreover that f is cell-like or that f is essential with X having trivial Y-shape. In
such circumstances, if X is exponentiable, then Y is also exponentiable.
Proof. — In both cases, f ∗ is fully faithful with a (left or right) adjoint that
commutes with filtered colimits. Then apply proposition 4.14.
Remark 4.53. — By a result of Scott [15], every exponentiable locale has
enough points. This is no longer the case for ∞-toposes [4, Example 6.5.4.5].
§ 5. — dualisability of the ∞-category of stable sheaves
In this section we prove that when an ∞-topos is exponentiable, its ∞-cat-
egory of stable sheaves is dualisable.
5.1 Stabilisation for presentable ∞-categories
We shall recall the definition of the stabilisation functor and its properties.
Our reference for this topic is Higher Algebra [7, Ch. 1 & Sec. 4.8]. We shall
denote by Sp the ∞-category of spectra.
Definition 5.1. — Let Presst denote the full subcategory of Ĉatcc whose objects
are the presentable and stable ∞-categories.
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Theorem 5.2 [7, 4.8.1.23 & 4.8.2.18]. — The∞-category Presst inherits a closed
symmetric monoidal structure from Pres. Furthermore, the inclusion functor
Presst ↪→ Pres has a left adjoint, the stabilisation functor: C 7→ Sp(C) ≃ C ⊗ Sp
making Presst a symmetric monoidal reflective localisation of Pres.
5.2 Dualisability in Pres
We start by recalling the notion of dualisable objects in a symmetric mon-
oidal ∞-category (C,⊗) [7, Ch. 4.6.1].
Definition 5.3. — An object X of C is dualisable if there exists another object
X∨ ∈ C with two maps η : 1C → X ⊗ X∨ and ε : X∨ ⊗ X → 1C. where 1C is the
unit of C, such that the composite maps:
X X ⊗ X∨ ⊗ X X ;
X∨ X∨ ⊗ X ⊗ X∨ X∨ ,
η⊗ IdX IdX ⊗ ε
IdX∨ ⊗ η ε⊗ IdX∨
are homotopic to the identities on X and X∨ respectively.
Remark 5.4. — In the case where C is a closed symmetric monoidal ∞-cat-
egory, a dualisable object X has its dual given by X∨ = [X, 1] where [−,−] is
the internal hom associated to the monoidal structure and 1 is the monoidal
unit.
Lemma 5.5. — In a closed symmetric monoidal ∞-category, any retract of a du-
alisable object is dualisable.
Proof. — Let r : X → Y be a retraction with X a dualisable object and let
s : Y → X be a section. Set Y∨ = [Y, 1C] an let’s show that Y∨ has the
right property. Because r : X → Y is a retraction, the same is true for s∨ :
X∨ → Y∨. We are then supplied with maps ηY = (r ⊗ s∨)ηX and εY =
εX(r
∨ ⊗ s). The composition (IdY ⊗ εY) ◦ (ηY ⊗ IdX) : Y → Y is then a retract
of IdX, hence homotopic to the identity itself. The same is true for the other
composition.
Theorem 5.6. — The ∞-categories of the form P(D) with D a small ∞-category
and their retracts are dualisable objects of Ĉatcc. Moreover, they are exactly the
dualisable objects of Pres.
Proof. — Let D be a small ∞-category, then if P(D) has a dual, it has to be
P(Dop), so let’s introduce P(Dop × D) the ∞-category of bimodules on D; we
have P(Dop) ⊗ P(D) ≃ P(Dop × D).
Then let η : S → P(Dop × D) be the cocontinuous functor sending the
point ∗ ∈ S to the map-bimodule [−,−]D. And finally, let ε : P(Dop × D) → S
be the coend functor.
The composition (Id ⊗ ε)(η⊗ Id) is given by the formula for presheaves:∫
b ∈Dop F(b) × [a, b] = F(a) for a functor F ∈ P(D). The sister formula comes
from
∫
a∈D[a, b] × F(a) = F(b) for a functor F ∈ P(Dop). Because a retract of
a dualisable object is dualisable by lemma 5.5, we are done for the first half.
Let C be a dualisable presentable ∞-category, D ⊂ C be a small and dense
subcategory and let L : P(D) → C be the associated reflective localisation
functor. The dual map L∨ : C∨ ≃ [C, S]cc → P(Dop) is fully faithful because L
is a reflective localisation functor, it is also cocontinuous. It has a left adjoint
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which is the left Kan extension along L. As a consequence C∨ is a retract by
cocontinuous functors of P(Dop). Finally because C ≃ (C∨)∨ we deduce that
C is a retract of P(D).
5.3 Dualisability of stable sheaves
The∞-logos of an exponentiable∞-topos is not dualisable in general in Pres,
as in general an ∞-category of ind-objects is not dualisable. This is no longer
the case in Presst.
Theorem 5.7. — The dualisable objects of Presst are the∞-categories of the form
P(D) ⊗ Sp and their retracts.
Proof. — Since the stabilisation functor (Sp ⊗ −) : Pres → Presst is sym-
metric monoidal, it sends dualisable objects to dualisable objects. Hence we
know that the ∞-categories of the form P(D) ⊗ Sp and their retracts are du-
alisable by theorem 5.6.
Let C be a dualisable presentable stable ∞-category, then there exists a
small ∞-category D and a reflective localisation P(D) → C which induces a
reflective localisation P(D) ⊗ Sp → C ⊗ Sp ≃ C. We end the proof with the
same arguments as in theorem 5.6.
Lemma 5.8. — Let D be a small ∞-category with finite colimits. Then Ind(D) ⊗
Sp is a retract of P(D) ⊗ Sp in Presst.
Proof. — Since D has small colimits, then by proposition 2.11 the ∞-cat-
egory Ind(D) ⊗ Sp is equivalent to the ∞-category of left exact functors
[Dop, Sp]lex and P(D) ⊗ Sp is equivalent to [Dop, Sp].
Because Sp is stable and colimits in functor ∞-categories are computed
pointwise, the embedding [Dop, Sp]lex ↪→ [Dop, Sp] commutes with all limits
and colimits. It then has a left adjoint such that Ind(D) ⊗ Sp is a retract of
P(D) ⊗ Sp by cocontinuous functors.
Theorem 5.9. — LetX be an exponentiable∞-topos, then Sh(X)⊗Sp, the∞-cat-
egory of stable sheaves on X, is a dualisable object of PresSt.
Proof. — After tensoring by Sp a standard presentation of Sh(X), we get a
retraction in PresSt:
Ind(D) ⊗ Sp Sh(X) ⊗ Sp .
ε′
β′
We conclude using lemma 5.8 and theorem 5.7.
This theorem can be compared to a result of Niefield and Wood [16]:
Theorem. — An R-ring A is coexponentiable if and only if A is projective and
finitely generated as an R-module.
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